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Bayesian Learning

Consider a data set D, and a model m with parameters θ.

Likelihood of model parameters for data set D: p(D|θ,m)
Prior over model parameters: p(θ|m)
Prior over model class: p(m)

The likelihood and parameter priors are combined into the posterior for a particular
model using Bayes Rule:

p(θ|D,m) =
p(D|θ,m)p(θ|m)

p(D|m)

Predictions are made by integrating over the posterior
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Bayesian Model Comparison

A data set D, and a model m with parameters θ.

Likelihood of model parameters for data set D: p(D|θ,m)
Prior over model parameters: p(θ|m)
Prior over model class: p(m)

To compare models m and m′, we again use Bayes’ rule and the prior on models

p(m|D)

p(m′|D)
=

p(D|m) p(m)

p(D|m′) p(m′)

This also requires an integral over θ:

p(D|m) =

∫
dθ p(D|θ,m) p(θ|m)

For interesting models, these integrals may be difficult to compute. Approximations.
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Clustering Protein Sequences and Structures

using Infinite Gaussian Mixture Models
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Approaches to Clustering Protein Sequences

• Useful for target selection in structural genomics experiments

• Pairwise sequence alignment scores and hierarchical clustering (single linkage)

– BLASTCLUST (NCBI)
– PROTOMAP (1999) Yona, Linial and Linial
– SYSTERS (1998) Krause and Vingron
– GENERAGE (2000) Enright and Ouzounis

• All require settng threshold to distinguish cluster members from non-members

– Krogh et al. (1994) Mixture of HMMs - requires number of clusters to be
specified
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Results - Globin Sequences by Krogh et al

The mixture of HMMs method of Krogh et al:

1. Class 1 233 sequences: principally all α, a few ζ ( an α-type chain of mammalian

embryonic hemoglobin), π/π
′

(the counterpart of the α chain in major early
embryonic hemoglobin P), and θ − 1 chains (early erythrocyte α-like).

2. Class 2 232 sequences: almost all β, a few δ (β-like), ε (β-type found in early
embryos), γ (comprises fetal hemoglobin F in combination with two α chains), ρ
(major early embryonic β-type chain) and θ chains (embryonic β-type chain).

3. Class 3 71 myoglobins.

4. Class 4 58 sequences. The 13 highest scoring in this cluster were leghemoglobins.
This class contained a variety of sequences including 3 non-globins in the original
data set.

5. Class 5 19 sequences. Midge globins.

6. Class 6 8 sequences. Globins from agnatha (jawless fish).

7. Class 7 7 sequences. varied.
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Finite Gaussian Mixture Models

• Data: features of protein sequences or gene
expression profiles which can be arranged into
p-dimensional vectors y;

• Model: a Gaussian mixture model with a finite
number (k) of Gaussians, with parameters φj, µj

and Σj:

P (y) =

k∑
j=1

φjPj(y)

φj : the mixing proportion for cluster j

(
∑

j φj = 1; φj ≥ 0)

Pj(y) : a Gaussian with mean µj and cov matrix Σj
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Infinite Gaussian Mixture Models

• We can choose a flexible model with infinitely many components, as long as we
do Bayesian average over parameters! The data automatically tells us how many
components we need.

• Let ci = j denote “data point i belongs to cluster j”

• Before observing y: P (ci = j|φ) = φj, proportional to the mixing proportion;

• Choose prior over φj to be the symmetric Dirichlet distribution, where α controls

how evenly mass is spread between clusters: P (φ|α) =
Γ(α)

Γ(α/k)k

k∏
j=1

φ
α/k−1

j
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Infinite Gaussian Mixture Models

• Integrating over all possible settings of φ we get the conditional probability:

P (ci = j|c−i, α)=

∫
P (ci = j|c−i, φ)P (φ|c−i, α) dφ=

n−i,j + α/k

n − 1 + α

• In the extreme case k → ∞ we get infinite Gaussian mixtures (a.k.a. Dirichlet
process mixtures).
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Infinite Gaussian Mixture Models

• Goal: to infer P (ci = c`|y1
, . . . , yn, α) = pil : “the probability that proteins i

and ` belong to the same cluster”

• 1−pil represents a distance that can be input into linkage algorithm for hierarchical
clustering
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Methodology

• vector representation: Fisher score vector representation described by Jaakkola
et al (2000): UX = ∇θ log P (X|θ);

• structural information included using structure-based hidden Markov models
(Raval et al. 2000);

• principal components analysis: the dimensionality of the Fisher score vector was
reduced to 10;

• infinite Gaussian mixture models: a large number of Gibbs sampling sweeps are
performed.
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Results - Globin Sequences
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Finds larger number of clusters including biologically meaningful sub-clusters than
Krogh et al.

13



Results - SCOP Globin Sequences

10 20 30 40 50 60 70 80 90

1it2a
1ash
1b0b

1d8ua
2gdm
1fsla

1kn1a
1b33a

1alla
1jl7a
2hbg
1jl6a

1b33b
1kn1b

1allb
1b8da
1eyxa
1liaa

1cqxa1
1gvha1

1vhba
1mwba

1itha
1dlwa
1scta
1jeba
3sdha
1outb
1mba
1sctb
2lhb

1spgb
1ew6a

1hlb
1dlya
1hlm
1eco

1b8db
1eyxb
1liab

1qgwc
1i3da

1a9we
1hbrb
1a4fb
1gcvb
1cpca
1f99a
1ktpa

1gh0a
1phna
1gh0b
1f99b
1phnb
1ktpb
1cpcb
1cg5b
1h97a
1kr7a
1idra
1myt

1hbra
1la6a
1spga
1la6b
1outa
1pbxb

1lht
1emy

1mwca
2mm1
1mbs
1a6m
1dwta
1gcva
1ch4a
1iwha
1irda

1g08a
1qpwa

1fhja
1hdsa
1a4fa
1cg5a
1jebb
1irdb

1iwhb
1fhjb

1hdsb
1qpwb
1g08b

Hemoglobin, beta−chains 

Hemoglobin, alpha−chains 

Myoglobins 

Hemoglobin, alpha and beta chains 

Hemoglobin, beta−chains 

 Globins

Hemoglobins, I  

Leghemoglobins 
Allophycocyanins (a chain) 

Allophycocyanins (b chain) 

Phycoerythrins (a chain) 

Truncated Hgs 

Phycoerythrins (b chain) 

Phycocyanins (a chain) 

Phycocyanins (b chain) 

(sequence only)
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Results - SCOP Globin Sequences

10 20 30 40 50 60 70 80 90

1ASH
1EW6
1DLW
1IDR
1JEB

1GCV
1KR7
1CH4
1DLY

1MWB
1B0B
1D8U
1FSL

2GDM
1VHB

1IT2
1GVH
1CQX
1HLB
1HLM

1I3D
1A9W
1A4F

1HBR
1SPG
1B8D
1LIA

1EYX
1CPC
1PHN
1F99

1GH0
1KTP
1EMY
1MBS
2MM1
1A6M
1DWT
1MWC

1LHT
1H97
1CG5
1MYT
1PBX
1G08
1JEB
1FHJ

1HDS
1IRD
1IWH

1QPW
1ECO
1MBA
1OUT
3SDH
1SCT
1SCT
2LHB
2HBG
1JL7
1JL6
1ITH
1LA6
1IWH
1FHJ
1G08
1HDS
1IRD

1QPW
1A4F
1CG5
1GCV
1OUT
1SPG
1LA6

1HBR
1B8D
1EYX
1LIA

1QGW
1ALL
1ALL
1B33
1B33

1CPC
1F99

1GH0
1KN1
1KN1
1KTP
1PHN

Phycocyanins 

Phycoerythrins 

Hemoglobin I 

Glycera Globins 

Hemoglobin, alpha−chains 

Hemoglobin, beta−chains 

Myoglobins 

Phycocyanins 

Phycoerythrins 

Hemoglobin, beta−chains 

Hemoglobin, alpha−chains 

Flavohemoglobins 

Hemoglobin, alpha−chains 

Leg & plant hemoglobins 

Truncated hemoglobins 

Truncated hemoglobins 

Clam hemoglobins 

(sequence + structural information)
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Results - GPCR Sequences
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ACTR_BOVIN
OLF1_RAT
OLF9_RAT

OLFI_HUMAN
OLF5_RAT

OPSR_ORYLA
OPSR_CARAU
OPSG_HUMAN
OPSG_MOUSE

OPSG_RABIT
OPSR_ANOCA
OPSR_ASTFA
OPSR_CAPHI
OPSR_CHICK

OPSG_GECGE
OPSR_XENLA
ML1A_MOUSE
AG2R_CHICK

AG2R_HUMAN
AG2R_BOVIN
AG2R_CANFA

AG2R_MERUN
AG2R_MOUSE
AG2S_MOUSE

AG2S_RAT
O45779

OPSG_ASTFA
OPSH_ASTFA

OPSB_CONCO
OPSD_ANGAN
OPSD_ASTFA

OPSD_CARAU
OPSD_CYPCA
OPSD_GAMAF
OPSD_NEOSA
OPSD_ORYLA
OPSD_POMMI
OPSD_SARDI
OPSD_ZEUFA
OPSF_ANGAN
OPSU_BRARE
OPSD_RAJER
OPSD_ALLMI
OPSD_AMBTI

OPSD_ANOCA
OPSD_BOVIN

OPSD_BUFBU
OPSD_CANFA
OPSD_CHICK
OPSD_CRIGR
OPSD_DELDE

OPSD_HUMAN
OPSD_LAMJA
OPSD_MESBI

OPSD_PETMA
OPSD_PIG

OPSD_RANCA
OPSD_RAT

OPSD_XENLA 0
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(sequence only)

Some are orphan receptors with no known function
We can use the clustering to suggest putative functions.
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NCI60 microarray gene expression data

We’ve also used infinite mixtures for clustering microarray gene expression data as
a way of modeling uncertainty.
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Ross 110k sorted

10 20 30 40 50 60

K−562−LEUKEMIA
K562A−repro
K562B−repro

Normal−Breast
BC16
BC2

BC2−Lymph−Node
MCF7A−repro
MCF7D−repro

MCF7−BREAST
T−47D−BREAST

RPMI−8226−LEUKEMIA
HL−60−LEUKEMIA

CCRF−CEM−LEUKEMIA
MOLT−4−LEUKEMIA

SR−LEUKEMIA
SNB−75−RENAL
HOP−92−NSCLC
NCI−H23−NSCLC

NCI−H522−NSCLC
SNB−19−CNS

U251−CNS
SF−539−CNS

HS−578−BREAST
BT−549−BREAST

SF−268−CNS
SF−295−CNS

M−14−MELANOMA
MALME−3M−MELANOMA

MDA−MB−435−BREAST
MDA−N−BREAST

SK−MEL−28−MELANOMA
SK−MEL−2−MELANOMA
SK−MEL−5−MELANOMA

UACC−MELANOMA
UACC−62−MELANOMA

HOP−62−NSCLC
MDA−MB−231−BREAST
ADR−RES−UNKNOWN

OVCAR−8−OVARIAN
SN12C−RENAL

NCI−H226−NSCLC
LOXIMVI−MELANOMA

EKVX−NSCLC
NCI−H460−NSCLC

A549−NSCLC
DU−145−PROSTATE

A498−RENAL
UO−31−RENAL
786−0−RENAL
ACHN−RENAL

CAKI−1−RENAL
RXF−393−RENAL

TK−10−RENAL
COLO205−COLON

HCC−2998−COLON
HCT−15−COLON

HT−29−COLON
KM12−COLON

NCI−H322−NSCLC
OVCAR−5−OVARIAN

SW−620−COLON
IGROV1−OVARIAN

OVCAR−3−OVARIAN
OVCAR−4−OVARIAN

PC−3−PROSTATE
SK−OV−3−OVARIAN

HCT−116−COLON

17



Conclusions

• Bayesian methods allow large-scale statistical models to be learned and sources
of noise and uncertainty to be included in a principled manner

• Clustering protein sequences using infinite Gaussian mixture models produces
biologically meaningful clusters and sub-clusters

• The data itself determines the optimal number of clusters

• Inclusion of secondary structure and residue accessibility information reflects and
extends the SCOP classification

• Infinite mixtures also provide a good solution for clustering microarray gene
expression data
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Future Work

Extension to Superfamily clustering:

• Compute Fisher scores from a ’mixture model’ M ∗, combining HMMs for the
different superfamilies:

P (X|M∗) =

N∑
i=0

πiP (X|θi)

where the mixing proportions πi are the prior probabilities of superfamily i

• The Fisher score vector for a particular protein X is given by

δlogP (X|M∗)

δπk
=

rk

πk
− 1

where the rk are the previously calculated posterior probabilities of X, i.e
rk = P (Mk|X).
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